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1. INTRODUCTION 
Recently the authors completed the classification of 3-(24, 12, 5) designs 
up to isomorphism. These designs are closely related to 24-dimensional 
Hadamard matrices, and the work on designs leads to a classification of the 
matrices up to equivalence. Hadamard matrices of lower dimension had been 
determined previously by Hall [2-41. This article described the techniques 
used in the classification and contains a summary of the results. It provides 
information from which each of the 129 designs and 59 matrices can be 
constructed, and it gives the order and orbit lengths of the automorphism 
group of each design and matrix. An explicit list of the matrices, together 
with generating permutations for their automorphism groups, may be found 
in [5]. The corresponding data for designs appear in 161. 
In general, a 3-(413. + 4, 21 + 2,L) design D = (P, B) is called a Hadamard 
design (P and B denote the sets of points and blocks, respectively). In such a 
design the set of 8A + 6 blocks is necessarily closed under complementation 
[7]; thus, if 6 denotes P - a, B consists of 4,l + 3 block pairs 01* = {a, C}, 
which we term parallel classes. For a E P, we let B, denote the set of blocks 
containing the point a. 
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An n-dimensional Hadamard matrix is an n by n matrix H of l’s and -1’s 
with HHT = n1. In such a matrix, n is necessarily 2 or a multiple of 4. An 
automorphism of H is a signed permutation r~ of the set of rows and columns 
such that HHT = nl. The set of automorphisms form a group under 
composition called the automorphism group of H and denoted here by 
AUT(H). Two Hadamard matrices H, and H, are equivalent if there exists a 
signed permutation c of rows and columns with HP = H,. A Hadamard 
matrix is normalized if its first row and column consist entirely of 1’s. 
Now 3-(41+ 4,21+ 2, A) designs and n-dimensional Hadamard matrices 
with n = 4A + 4 are related as follows: 
(1) Given a 3-(4A + 4, 2A + 2, A) design D = (P, B) and bijections 
8: { 1, 2,..., n} + P and w: (2, 3,..., n} + Be(i), we obtain a normalized 
Hadamard matrix R&(D( = (h,) by setting 
hi, = 1, 1 <i<n, 
h,= 1 if O(i) E I&) and -1 otherwise, 
1 <i<n, 2<j<n. 
The equivalence type of Z&(D) is independent of 0 and w  and depends only 
on the isomorphism type of D. When the exact choice of 9 and w  are not 
relevant, we will write simply Z(D). 
(2) Given an n-dimensional Hadamard matrix H = (h,) and given 
1 < k < n, we obtain a 3-(4A + 4,2i + 2,1) design gk(H) =_<P, B) by 
setting p = {PI Y,P”l and 
s,, 1 v-.*9 
B = {P1~.,Pk-,,~~+l,...,Pn,P1,...,Pk-1, 
18,}, where /Ij = {pi ] h, = h,,} and pj = P -/Ii. The designs gk(H) 
and C2,JH) are isomorphic if and only if columns k and m of H lie in the 
same orbit of AUT(H); more generally, &(H,) and CSm(Hz) are isomorphic 
if and only if H, and H, are equivalent under a signed permutation mapping 
column k of H, to column m of H,. 
(3) Under the correspondence pi + h,(row i), AUT(g,JH))) acting on 
points is permutation isomorphic to the stabilizer in AUT(H) of column k, 
acting on (certain) signed rows. 
Note that gl(R(D)) is isomorphic to D, and oF’(G~~(H)) is equivalent to 
H. We say that two designs D, and D, are equivalent if Z(D,) and 2@(D2) 
are equivalent; isomorphism of designs implies equivalence, but not con- 
versely. 
In [8] Leon describes an algorithm for computing automorphism groups 
and determining equivalence of Hadamard matrices. This algorithm has been 
implemented on a computer: an ANSI standard Fortran version may be 
found in [9] (automorphism groups) and [lo] (equivalence). For matrices of 
dimension as small as 24, it usually requires only a few seconds of computer 
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time. In view of the facts mentioned above, this algorithm can be applied 
also to Hadamard designs. Using the algorithm, the problems of classifying 
Hadamard matrices and Hadamard designs become essentially equivalent. 
Our approach has been to determine the designs and obtain the matrix 
classification as a consequence. 
Key concepts in the classification are those of equivalence of block pairs, 
equivalence of point pairs, the Kimberley function, and the dual of a design. 
Let D = (P, B) be a 3-(24, 12,5) design. 
(i) Equivalence of block pairs: Let a be a fixed point. We regard P 
as an “ideal” block and let B,* = B, U {P). If {a, /?} and {y, S} are pairs of 
distinct blocks from B,*, we say that {a, /3} and {y, 6) are equivalent if 
a 0 /I = y @ 6 (here @ denotes the symmetric difference). 
(ii) Equivalence of points pairs: Two pairs {a, b} and {c, d) of 
distinct points are equivalent if B, 0 B, = B, @B,. 
(iii) The Kimberley function: If {a, ,8} and {y, S} are distinct 
equivaence block pairs, then (a, p} n {r, 6) = 0. So in each equivalence class 
of block pairs there exists at most one pair of the form {P, a}. Moreover, 
{P, a} and {p, r} are equivalent if and only if a n7p = a f? y. We define K(a) 
to be the number of block pairs in the equivalence class of a (noting that 
K(a) actually is independent of the choice of the point a in (i) above). We 
call K(a) the Kimberley function of D. Obviously 1 <K(a) < 2A + 2. Put 
K(D) = max{K(a) 1 a E B}. We call K(D) the Kimberley number of D. 
(iv) The dual of a design: Again let a be a fixed point. Let Pi = Bz = 
B, U {P}. For b E P, b # a, put a(b) = B, n B, and E(b) = Pf, -a(b). Set 
BL = {a(b), E(b) ) b E P, b # a}. Then Df, = (PL, Bf,) is a 3-(41+ 4,2d + 2, A) 
design, called the dual of D at the point a. We note that the dual of 0: at P 
is isomorphic to D; also Z(Df,) is equivalent to GT(D)~. The Kimberley 
number of 0: is independent of the choice of the point a. We call K(Di) the 
Longyear number of D. The designs 0; and 0: are isomorphic if and only if 
rows @-‘(a) and 6’-‘(b) lie in the same orbit of AUT(G&,(D)) on rows. If 
D’ is equivalent to D, each dual 0;’ is isomorphic to some dual Of,. 
Longyear [ 131 has shown that, in any 3-(24, 12,5) design D, K(D) 
divides 12. She has also shown [ 11, 121 that the only design with K(D) < 2 
and R(Di) < 2 is the design obtained from the 24-dimensional matrix of 
quadratic residue type. Thus it suffices 
(a) for k = 3, 4, 6, and 12, to determine representatives for the 
isomorphism classes of designs D with K(D) = k > K(Db), and 
(b) for one design D in each equivalence class of designs in (a) having 
K(D) > K(Di), to construct D&i, for one row i in each orbit of 
AUT(R&(D)) on rows. 
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As (b) is straightforward using the algorithms described in [8], we restrict 
our attention to (a). In order to avoid tedious repetition of details, only the 
case k = 6 is treated in full; however, the results are summarized for all four 
cases. 
Section 2 contains theorems on block equivalence and the Kimberley 
function. We prove that, in a 3-(24, 12,5) design D with K(D) > 3, there 
exists a unique (up to complementation) block a with K(a) = K(D). Some of 
the results generalize to values of 1 other than 5. 
In Section 3, we choose a E B with K(a) = K(D) and a E a, and we study 
the derived design E(a, a) = (P(E(a, a)), B(E(a, a))) of the contraction of D 
at a, i.e., P(E(a, a)) = a - {a) and B(E(a,u))={CBna)-(u}lPEB,, 
/I # a}. E(a, a) is a 2-( 1 I, 5,4) design with K(D) - 1 repeated blocks. For 
k = 3, 4, 6, and 12, we find sets Ek, ,..., E,,! of nonisomorpic 2-(11, $4) 
designs such that, given any 3-(24, 12,5) design D with K(D) = k > K(Di), 
E(a, a) is isomorphic to some design E, for an appropriate choice of the 
point a. 
In Section 4, we consider the complementary design F(a) = 
(P(F(a)), B(F(a))) of D; i.e. P(F(a)) = P - a and B(F(a)) = 
(PfT(P-a)(pEB,,/?#a). Then F(a) is a 2-(12,6,5) design 
complementary to E(a, a); the map pa: B(E(a, a)) + B(F(a)) defined by 
p,: (,!I n a) - (a) + /3 n (P - a) for /I E B, - (a) is a bijection satisfying 
( y, n yz( + I~:~fl y;~l= 5 for any y,, y2 E B(E(a, a)). For each design E, 
above, we find a set {Fkjl,..., Fkivti} of complementary designs such that, 
given any 3-(24, 12,5) design D with a and a as above and E(a, a) 
isomorphic to E,, F(a) is isomorphic to a design F~i for some i. Several of 
the designs E, have no complementary design; these designs are discarded. 
Choose fixed designs E = E, and F = Fkji. Given any bijection 
p: B(E) + B(F) such that 
IP1nP21+IPv-v’;I=~ t*> 
for any /A, l-6 f B(E), we obtain a 3-(24, 12,5) design D(E, F, p) = (P, B) 
by taking 
P= {l}UP(E)UP(F), 
where 1 e P(E) U P(F); conversely, by the last two paragraphs, any 
3-(24, 12,5) design D with E(a, a) NE and F(a) 1: F is isomorphic to a 
design D(E, F, p) for some p satisfying (*). If pt and pz are two bijections for 
which (*) holds, then u = p; ‘p2 is a permutation on B(F) satisfying 
(**I 
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for any /3,, pZ E B(F). A permutation cr satisfying (*) will be called a balance 
of I;, the set of balances forms a group under composition which we call the 
balance group of F and denote by AT(F). Choose a fixed bijection 
p: B(E) + B(F) satisfying (*). Then the set of all bijections satisfying (*) is 
&37(F) = (pa 1 (I E 9(F)}. Let 5 and Y denote the automorphism groups of 
E and F, respectively (considered as permutations on blocks); then .V“ = 
{p-‘pp [ y E .Y} and Y are subgroups of g(F). A sufficient (but not 
necessary) condition for isomorphism between D(E, F, pa) and D(E, F, pz), 
u, r E S’(F), is equality of the double cosets POX and P’r.Y in 9(F). The 
designs D(E, F, pa) with o in a fixed (P’, X) double coset in 9(F) form a 
“special isomorphism class.” In Section 5 we determine the groups 9(F), P’, 
and .Y explicitly, and we study the double coset decomposition of A?‘(F) 
with respect to 5’ and Y. Our goal is to find representatives for each of the 
special isomorphism classes. 
It is possible for designs in distinct special isomorphism classes to be 
isomorphic. However, the number of special isomorphism classes is small 
enough that isomorphism questions can be settled completely by computer 
using the algorithm described by Leon in [8]. 
Section 6 summarizes our results for designs. Appendices A and B list the 
derived designs E, and the complementary designs Fkji, respectively. Blocks 
of E, and Fkji are always listed in such order that the fixed bijection p 
mapping the t’th block of E, to the t’th block of Fkji satisfies (*). There turn 
out to be 129 nonisomorphic designs, which we label as Dl, D2,..., 0129 
(0129 is the unique design with K(D) = K(Di) = 1). For each design D with 
K(D) > K(DfJ (except D129), we give E, F, and u such that the design is 
obtained as D(E, F, pa). For each design D with K(D) < K(D i ), we give D’ 
and b such that the design is obtained as (DL)‘. This constitutes sufficient 
information to permit construction of the designs Dl, D2,..., 0128 (0129 is 
given explicitly in Appendix C). In addition, we give K(D), K(Di), 
] AUT(D)], and the orbit lengths of AUT(D) on points and on parallel 
classes. 
Section 7 summarizes the results for matrices. There turn out to be 59 
matrices which we label as Hl, H2,..., H59. For each matrix, we give a 
design D such that the matrix is obtained as A?(D); in addition, we give the 
order of the automorphism group and its orbit lengths on rows and on 
columns, as well as the row and column character of the matrix (defined in 
Section 7). 
Using techniques different from those employed here, Longyear [ 131 
recently produced a list of 133 matrices with the property that any 24- 
dimensional Hadamard matrix with the property that any 24-dimensional 
Hadamard matrix with row character at least 3 must be equivalent to one of 
these matrices. The question of equivalences among the 133 matrices was not 
settled. We have established an equivalence between each matrix in [ 131 and 
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one of the matrices Hl ,..., H59; the results are given in Appendix D. Note 
that each of the matrices among Hl,..., H59 having row character at least 3 
turns out to be equivalent to at least one of the matrices in [ 131. This 
provides a partial check both of our results and those obtained by Longyear 
in [13]. 
2. THE KIMBERLEY FUNCTION 
This section is devoted to proving the following proposition, 
PROPOSITION 2.1. Let 1% 1 (mod 4) and let D = (P, B) be a 3-(41+ 4, 
2J + 2, A) design. Let a E P and let B, = {p E B: a E /3}. If K(D) > 4 and 
K(q) = K(D), a, E B,, then a, is the only block a of B, with K(a) > 2. The 
same conclusion holds when K(D) = 3 provided I = 5. 
Proof Assume that the proposition is false. 
(i) Then let a, p, y and 6, E, 4 be two sets of three distinct blocks of 
B, such that r=an/3=any and A=6ne=6n<. First we show that 
{a, p, r} n {S, E, c} # 0. In fact, since a n p = a n y, we have that 
P=(a-r)@ do--T)@(y--T)@r. 
If {a, P,y} n (6, E, <} = 0, then by [7, Lemma 3. l] we have that 
(6nrl=I&nrl=lynrl=(~+ 1)/2. 
Since A =(anA - TnA) @ (@nA - TnA) 0 (YnA - TnA) @ 
(rn A), we have that 
I+ 1 =3((1+ 1)/2-(TnAI)+IrnAl, 
which implies that Irn A I = (A + 1)/4. 
(ii) Now let a, j?, and y be three distinct blocks of B, such that 
an /3 = an y, K(a) > 2 and K(P) > 2. Then choose block pairs {S, E} and 
(<,[} of B, SO that and=anc, {/3,y}n{6,&}=0, pn<=pn[, and 
{a,yln WZ}=lzr. B y i we may assume that C= 6. Then we show that 0
yn&=ynr.Infact,letr=anp,d=an6,andE=pn6.Thenasin(i) 
we have that 
Eny=(dny-rndnE)O(En&--rndnE) 
O(yn~nr--nnnn)O(rndnE). 
Put x=lyn&n<l and y=lI’nAnEl. Then we have that x+1= 
2((k + 1)/2 -v) + (x - y) + y, which implies that x = 2~. On the other hand, 
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applying the inclusion-exclusion principle [ 141 to {a, p, y, 6, E, <}, we have 
that 
4(A + 1) - 6{2(L + 1)) + 15@ + 1) 
- (3(2 + 1) + 16@ + I)/2 + x) 
+(9@+ 1)/2+6y}-6~+y=O. 
which implies that x = (n + 1)/2 + y. So we obtain that y = (,I + 1)/2 and 
x=1+1. 
(iii) By (ii) we have the following situation. There exist seven distinct 
blocks ai of B, (1 < i < 7) such that a, n a, = a, n a3, a, n a4 = a, n a,, 
a, n a6 = a, n a,, a, n a4 = a, n ah, a2na,=a,na,, a3na,=a,fTaa,, 
and a,fTa,=a,rTa,. Put d = a, n a*. Furthermore, by (ii) we have that 
a,na,na,na,=a,na,na,na, 
=a,na,f7a,f7a, 
=a,na,na,na,. 
Put I’= a, n a2 n a3 n a4. Now let /I be a block distinct from the ai 
andputx,=IPn(d-r)l,x2=IPnrl, 
x,=lPn(a,naa,na,-r)l, 
-h=IrOn(a,na,na,-01, 
x,=lLWa,n~,na,-01, 
x,=IBn(a,na,na,-01, 
x,=IPn(a3na4na,-r)l, 
x,=Ipn(a,na,na,-r)l. 
Then we have that 
x,+x,+x,+x,=x,+x,+x,+x, 
=x1 tx,+x,+x,=A+ 1, 
x, + x* + x1 + x4 + x5 + x, + x, + xg = 2(L + l), 
x,+x,+x,+x,=x,+x,+x,+x,=x,+x,+x,+x, 
=x,+x, tx, tx,=A+ 1. 
This implies that x5 = (X + 1)/4, a contradiction. 
(iv) Assume that A = 5 and K(a,) = 3, and assume that the 
proposition is false. Let a,na,=a,na,, a,na,=a,na,, 
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P1np,=p,np,, and PlnP,=&nP,, where 1~+..~a,l and V-4~...Jsl 
are 5subsets of B, with a1 # /I,. Then by (ii) we may assume that /I2 = a,, 
p3 = a4, p, = czj, and p5 = as. Furthermore, we have that 
) a1 n a2 n aj n a* n a, ng, I= 3. Since there exist precisely five blocks in B 
containing a given 3-subset of P, this is a contradiction. 
Remark. The question whether Proposition 2.1 holds for 1 > 5 and A = 1 
(mod 4) when K(D) = 3 is left open. 
3. THE DERIVED DESIGN E(a, a) 
Let D = (P, B) be a 3-(24, 12,5) design with K(D) = 6. We choose a E P 
and a E B, with K(a) = 6 and consider the derived design E(a, a) of the 
contraction of D at a. Then E(a, a) is a 2-( 11,5,4) design with five blocks 
of multiplicity two such that each block of multiplicity two intersects any 
other block in two points. In this section we prove: 
PROPOSITION 3.1. There exists a 2-( 11, 5,4) design E,,, such that, given 
any 3-(24, 12, 5) design D = (P, B) with K(D) = 6, E(a, a) is isomorphic to 
E,,, for some point a E P and for the block a E B, with K(a) = 6. 
Proof: We notice that &(E(a, a)) = 22, A,(E(a, a)) = 10, and 
&@(a, a)) = 4, where A,(E(a, a)) denotes the number of blocks of E(a, a) 
containing a given i-subset of E(a, a) (0 < i < 2). 
Let r= {r, ,..., ys} and A = (6 ,,..., S,,} be the sets of blocks of E(a, a) of 
multiplicity two and one, respectively. 
Let Mj be the set of 2-subsets of E(a, a) contained in precisely j blocks of 
r and set mj = lMjl (0 <j < 2). Then we have that m2 = 10, m, = 20, and 
hence m, = 15. 
Let Ni = {il, i2,..., in,), where n, = JNi( and 0 Q i ( 5, be the set of points 
of E(a, a) belonging to precisely i blocks of r. Then we have that 
n,+n,+...+n,=ll. (1) 
Counting the number of incident point-block pairs on r, we have that 
nl+2n,+...+5n,=25. (2) 
Counting the number of incident point-Zsubset pairs on Mi (0 < i Q 2), we 
have that 
lOn, + 6n, + 3n, + n3 = 30, (3) 
4n, + 6n, + 6n, + 4n, = 60, (4) 
n, + 3n, + 6n, + lOn, = 20. (5) 
Set a,=(ynN,I and b,=j6nN,(, where yET and DELI. Counting the 
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numbers of incident point-block pairs of the form (x, y,), where x E yi and 
if 1, or xE 6,, we have that 
a, + a* + a3 + aa + a5 = 5, (6) 
a, + 2a, + 3a, + 4a, = 8, (7) 
b, + b, + b, + b, + b, = 5, (8) 
b, + 2b, + 36, + 4b, = 10. (9) 
We remark that the ui and bj depend on the choice of y and S. 
Equations (l)-(5) have four sets of solutions in nonnegative integers: 
(I) n, = 1, n4 =n3 = IZ, = n,=O, and n, = 10. In this case from 
(6)-(9) we have that a, = 1, a., = a3 = a, = a,, = 0, a2 = 4, b, = b, = b, = 
b, = 0, and b, = 5. Then the following list of blocks of E(a, a) is uniquely 
determined (up to isomorphism). 
&I7 % 51, 21, 22, 23, 24 cl5 21, 24, 25, 28, 210 
E3, E4 51, 21, 25, 26, 27 E,, 21, 24, 26, 28, 29 
&ST ‘6 51, 22, 25, 28, 29 E,, 22, 23, 25, 21, 210 
&l, &8 51, 23, 26, 28, 210 E,~ 22, 23, 26, 21, 29 
E9, cl0 51, 24, 27, 29, 210 E,~ 22, 24, 25, 26, 210 
E,, 21, 22, 26, 29, 210 .qO 22, 24, 26, 27, 28 
E,~ 21, 22, 27, 28, 210 &21 23, 24, 25, 26, 29 
E,~ 21, 23, 25, 29, 210 &22 23, 24, 25, 27, 28 
E,~ 21, 23, 27, 28, 29 
(II) n5 = n, = 0, n4 = 1, n3 = 3, n2 = 5, and n, = 2. In this case there 
are three possible types for blocks of P (i) a4 = a, = a, = 1, a3 = 2; (ii) 
a‘j=a3= 1, a2 = 3, a, = 0; (iii) a4 = a, = 0, a3 = 3, a, = 2. We have two y’s 
of type (i), two y’s of type (ii), and one y of type (iii). Moreover, there are 
four possible types for blocks of A: (i) b, = 1, 6, = 0, 6, = b, = 2; (ii) b, = 0, 
b, = b, = 2, b, = 1; (iii) 6, = 0, 6, = b, = 1, 6, = 3; (iv) b, = b, = b, = 0, 
b, = 5. If 6 is of type (iv), 6 intersects y of type (ii) in three points. Hence we 
have no 6 of type (iv). Then we have two 6’s of type (i), two 6’s of type (ii), 
and eight 6’s of type (iii). Now the following portion of the list of blocks of 
E(a, a) is uniquely determined (up to isomorphism). 
41, 31, 32, 21, 11 
41, 31, 33, 22, 12 
41, 32, 22, 23, 24 
41, 33, 21, 23, 25 
31, 32, 33, 24, 25 
41, 24, 25, 11, 12 
41, *. *, 11, 12 
It is impossible to fill in * *. 
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(III) n, = n4 = n, = 0, n3 = 6, n, = 2, and n, = 3. In this case, we have 
b, = b, = 2 and b, = 1. There are two possible types for blocks of R (i) 
a3=4, a2=0, a,=l; (ii) u3=3, az= 2, a, = 0. We have three y’s of type 
(i) and two y’s of type (ii). The following list of blocks of E(a, a) is uniquely 
determined (up to isomorphism). 
31, 32, 33, 34, 11 32, 33, 21, 12, 13 
31, 32, 35, 36, 12 32, 33, 22, 12, 13 
33, 34, 35, 36, 13 32, 35, 21, 11, 13 
31, 33, 35, 21, 22 32, 35, 22, 11, 13 
32, 34, 36, 21, 22 33, 36, 21, 11, 12 
31, 34, 21, 12, 13 33, 36, 22, 11, 12 
31, 34, 22, 12, 13 34, 35, 21, 11, 12 
31, 36, 21, 11, 13 34, 35, 22, 11, 12 
31, 36, 22, 11, 13 
(IV) n, = n4 = n, = 0, n3 = n2 = 5, and n, = 1. In this case we have 
a3 = 3 and a, = 2. There are two possible types for blocks of A: (i) 
b, = b, = 2, b, = 1; (ii) b, = b, = 0, b, = 5. We have ten 6’s of type (i) and 
two 6’s of type (ii). But two 6’s of type (ii) must be identical. 
Now we have a freedom in the choice of the ideal point a in a with 
K(a) = 6. If E(a, a) is isomorphic to the design in (III), we replace the point 
a by 21; then E(a, 21) is isomorphic to the design in (I) with 22 a new 51. 
So for the purpose of classifying 3-(24, 12,5) designs we may assume that 
E(a, a) is the design in (I). After renumbering the points by 21 -+ 2, 5 1 + 3, 
22 -+ 4, 23 + 5,..., 210 -+ 12, we obtain the design E,,, in Appendix A. This 
completes the proof of Proposition 3.1. 
The cases K(D) = 12, 4, and 3 are handled by similar methods; however, 
in the last two cases, a number of alternatives for E(a, a) arise. 
4. THE COMPLEMENTARY DESIGN F(a) 
Let X = (P(X), B(X)) b e a 2-(U + 1, I, 1- 1) design in which some 
blocks may have multiplicity two. Let Y= (P(Y), B(Y)) be a 2-(2A f 2, 
,l + 1, A) design such that P(X) n P(Y) = 0. We call Y a complementary 
design to X if there exists a bijection q from B(X) to B(Y) such that 
Ian/?\ +(annpI=l for every block pair (a,/.?} ofX. 
If D is a 3-(41 + 4,21 + 2,1) design and (a, a) is an incident point-block 
pair of D, the E(a, a) and F(a) are complementary designs. In this section 
we prove: 
PROPOSITION 4.1. Up to isomorphism, there exists a unique 2-(12,6,5) 
design F6,,,1 complementary to E,,, . 
Proof. Let F be a design complementary to E = E,,, . Set P(F) = 
(1, 2 ,..., 12) and B(F) = (PI ,&,..., &}. Corresponding to the five blocks of 
16 ITO. LEON, AND LONGYEAR 
E with multiplicity two we have five pairs of disjoint blocks such that two 
blocks meet in three points if they belong to different pairs. Let (pi, pi+, } 
(i = 1. 3, 5, 7, 9) be the disjoint block pairs. Fix pj (1 <j < 22). Then let ck 
be the number of blocks a # pj such that 1 a n /Iji = k (0 < k < 5). Since F is 
complementary to E, we have the following data: for j ,< 10, c,, = 1, c3 = 20; 
for j> 11, c2 = 5, c3 = 15, cg = 1. 
Now we start listing the blocks of F. Up to isomorphism the list begins 
with 
P, 1, 2, 3, 4, 5, 6 
p2 7, 8, 9, 10, 11, 12 
P3 1, 2, 3, 7, 8, 9 
pi, 4, 5, 6, 10, 11, 12 
P, 1, 2, 6, 9, 10, 11 
P, 3, 4, 5, 7, 8, 12 
If no pi (7 < i < 10) contains (1,2}, then by symmetry we may assume 
that the remaining disjoint block pairs consist of blocks { 1, 3,4, 7, 10, 1 1 }, 
{2,5,6,8,9, 12) and blocks { 1, 3,6,8, 10, 12}, {2,4, 5, 7, 9,ll). Then the 
fifth block a containing { 1,3} is { 1,3,5,9, 11, 12). Then a block p such that 
Ia n/I/ = 5 leads to a contradiction. So by symmetry we may assume that /I, 
and &, are as follows: 
P, 1, 2, 5, 8, 10, 12 
Pg 3, 4, 6, 7, 9, 11 
Then the last block a containing ( 1,2) consists of { 1, 2,4, 7, 11, 12). If a 
corresponds to a block of multiplicity two, a block /I such that I a n /3I = 5 
leads to a contradiction. Thus we have that /3, and p,, are as follows: 
P, 1, 2, 4, 7, 11, 12 
Pm 3, 5, 6, 8, 9, 10 
Now three blocks containing ( 1, 3) remain and each of these blocks 
contains precisely one point of {4,5,6}. Then it is easy to see that we have 
the following two sets of candidates: (1, 3,4,8, 10, 1 l}, (1, 3, 5, 9, 11, 12}, 
{1,3,6,7,10,12], and {1,3,4,9,10,12), {1,3,5,7,10,11}, {1,3,6,8, 
11, 12). Furthermore, the six blocks obtained from the above by changing 1 
to 2 accompany each of the above blocks, respectively. Each choice leads us 
to a 2-( 12,6,5) design complementary to E uniquely. But the designs 
obtained from the two choices are isomorphic by (5, 6) (8,9) (11, 12). Thus 
we may assume that the list of blocks of F is completed as follows: 
P,, 1, 3, 4, 8, 10, 11 PI, 1, 4, 5, 7, 9, 10 
PI2 2, 5, 6, 7, 8, 11 ,8,B 2, 3, 6, 7, 10, 12 
l-43 2, 4, 6, 8, 9, 12 p,, 2, 3, 5, 9, 11, 12 
P,, 1, 3, 5, 9, 11, 12 Pz,, 1, 4, 6, 8, 9, 12 
/& 1, 3, 6, 7, 10, 12 ,$I 1, 5, 6, 7, 8, 11 
P*fj 2, 4, 5, 7, 9, 10 ,!Iz2 2, 3, 4, 8, 10, 11 
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Upon renumbering the points of F by 1 + 13, 2 -+ 14,..., 12 -+ 24, we 
obtain the design F,,,,, of Appendix B. This completes the proof of 
Proposition 4.1. 
The cases K(D) = 12, 4, and 3 can be handled by similar methods; in 
some cases the designs E,,j turn out to have several complementary designs, 
and in some cases they have none; in the latter situation, E,,j is omitted from 
Appendix A as no 3-(24, 12,5) designs can occur. 
5. THE SPECIAL ISOMORPHISM CLASSES 
The derived designs E, and the complementary designs Fui have been 
determined, and the blocks have been numbered so that the bijection p 
mapping block t of E, to block t of Fwi (1 < 1< 22) satisfies condition (*). 
It remains to determine, for each design E = E, and F = Fui, the 
automorphism groups Y = AUT(E) and Y = AUT(F) and the balance 
group 3 = 9(F), and then to find representatives for the (Y“, X) double 
cosets in 9. As explained in Section 1, these double coset representatives are 
in one-to-one correspondence with the special isomorphism classes of 
3-(24, 12,5) designs. We give details only for the case k = 6. In this case, 
there is only one choice for E and F, namely, E = E,, , and F = F,,, ,, . 
Denote the blocks of E and F by (E ,,..., ez2} and {a, ,..., q2}, respectively. 
Let a, = {a,,a,}, a,, = (aj, ad} ,..., ay = {a,, a,,,}, and define E,, E ,,,..., E, 
analogously. Each of the groups S’, 3, and 9 leaves invariant the set 
consisting of the first ten blocks, and each may be determined by hand. 
PROPOSITION 5.1. .V has order 22 . 3 . 5. It is generated by 
p, =(2,4)(5,6)(8, 11)(9, 10) and p2 = (2,7, 10, 12,6)(4,8, 11, 5,9). As 
permutations on blocks, p, = (II, III)(IV, V)(13, 19)(14,20)(15, 17)(16, 18) 
and p2 = (1, II, III, IV, V)(ll, 21, 14, 17,20)(12, 19, 13,22), where i denotes 
ci (i E {I, II ,..., V} or 11 < i < 22). 
PROPOSITION 5.2. .P has order 23 . 3 . 5. It is generated by u, = (1,2), 
u2= (3,4)(5, 6)(8, 11>(% 12), u3 = (3, 10)(4, 12)(6, 8)(7, 111, 04 = 
(4, 6, 5)(7, 9, 8)(10, 12, ll), and CI~ = (4,9)(5, 8)(6, 7)(10, 12). As 
permutations on blocks, ‘I, = (11, 22)(12, 21)(13, 20)(14, 19)(15, 18)(16, 
17), u2= (3,9)(4, 10)(5, 7)(6, 8)(13, 19)(14, 20)(15, 17)(16, 18), 
u3 = (1,7)(2, 8)(3, 5)(4, 6)(11, 15)(14, 17)(16, 19)(18, 22), 04 = (5, 7, 9)(6, 
8, lO)(ll, 15, 14)(12, 16, 13)(17, 20, 21)(18, 19, 22), and us= (1, 3)(2, 
4)(5, 9)(6, lO)(ll, 14)(13, 16)(17, 20)(19, 22), where i denotes ai 
(1 <i,< 22). 
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PROPOSITION 5.3. On {a,, a,, ,..., a,}, .9 induces the symmetric group 
9. It is generated by (1,3)(2,4), (1,5)(2,6), (1,7)(2,8), (1,9)(2, lo), and 
(1,2)(3,4)(5,6)(7,8)(9, 10). On {a,,, aI2 ,..., az2}, 9 induces a group & 
generated by r, = (11, 14)( 19, 22), r, = (11, 15)(18, 22), r3 = 
(11, 17)(16, 22), rq = (11, 20)(13,22), rs = (11, 21)(12,22), and t6 = 
(11,22)(12, 21)(13, 20)(14, 19)(15, 18)(16, 17). 9 is isomorphic to the 
direct product of Y and & and has order 2’ . 3’ - 5=. 
We can now determine a left coset decomposition of 2 with respect to X. 
Let P be the subgroup of & generated by ri, r2,..., r5. Then since u, = r6, 
we have that J% = PX + (a,, a,,) %‘4- and % n Y = 1. We notice that 
PX is a subgroup of 9 of index 2 and contains F. Now ,U E 9 can be 
written uniquely as ,u = s(u) t(u), s@) E 9, t(u) E K. Then .Y~,J,S = gp29, 
,~i, ,u, E P’, if and only if there exist u E Y and t E Y such that s(a) s(r) = 1 
and ,u2 = t(a),u, t(r). Similarly F(a,, a,,)p,.Y = Y(a,, a,,)p2-P if and only 
if there exist u E .Y and r E X such that s(u)(a,, s,,) s(r) = 1 and 
p2 = t(u)p, t(r). Then it is not difficult to determine a set of 48 represen- 
tatives for a double coset decomposition of 9 with respect to ZY and X. 
6. THE 3-(24,12,5) DESIGNS 
After identification of all isomorphisms among the special isomorphism 
classes of 3-(24, 12,5) designs by means of the algorithm in [8], exactly 129 
designs remain. These designs, which we label as Dl, D2,..., 0129, are listed 
in Table I. The contents of specific columns of Table I are as follows: 
The “D” column: This column gives the name Dm of the design. 
The “eq(D)” column: If Dm is first in its equivalence class of designs, 
this column contains “. . .“; otherwise it gives the first design in the 
equivalence class of Dm. 
The “R(D)” column: The equivalence classes of 24-dimensional 
Hadamard matrices are in one-to-one correspondence with the equivalence 
classes of 3-(24, 12,5) designs; for each design Dm first in its equivalence 
class, the “R(D)” column contains the name which we assign to the 
Hadamard matrix R(Dm). 
The “E”, “F', and “u” columns: For designs Dm with 
K(Dm) > K((Dm)fJ (except D129), these columns contain entries k, j, i, and 
u, respectively, such that Dm is isomorphic to D(Ev, FUl, u); for designs 
Dm with K(Dm) < K((Dm)t), these columns indicate how Dm is obtained as 
the transpose of a design Dm’ with K(Dm’) > K((Dm’)L). The designs E, 
and Fkji are given in Appendices A and B, respectively. The balances u are 
listed at the bottom of Table I. 
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The “K(D), ” “,(Dg),” “q,, ,” and “I AUT(D)J” columns: These columns 
give the Kimberley and Longyear numbers of the design, the number of 
missing quads, and the order of the design automorphism group. A missing 
quad is a set of four points contained in no block. 
The “Orbits on points” and “Orbits on parallel classes” columns: These 
columns give the orbit lengths of the design automorphism group on points 
and on parallel classes., respectively. A repetition factor is given in 
parentheses; thus “8, (3) 4, (2) 2” indicates one orbit of length 8, three orbits 
of length 4, and two orbits of length 2. 
Note that Table I, together with Appendices A and B, contains all the 
information required for explicit construction of the designs Dl, D2,..., 0128 
(0129 is listed in Appendix C). If K(Dm) > K((Dm)L), then Dm may be 
constructed as follows: 
P = { 1, 2 ,..., 24}, 
PO = { 1, L..., 121, 
p,, = { 1) u (block u of Eti) U (block ZP of R&J, 
rii,=p-P,, 
1 < u ,< 22, 
B={p,~o~u~22}u{B,(O~ug22}, 
Dm = (P, B). 
To facilitate the above construction, the point sets for E, and Fkii have been 
chosen as (2, 3 ,..., 12) and {13, 14 ,..., 24}, respectively. The construction 
yields a design in which K&J = K(Dm). 
If K(Dm) < K((Dm)L) and if Dm-= (D_m’)f, (with Dm' = (P, B) 
constructed as above, B = {PO,..., &, PO,..., Pz2}), then Dm may be 
constructed as follows: 
P’ = { 1, 2 ,..., 24}, 
&, = /I,, or P,, whichever contains b (0 < u < 22), 
p:={l}u{~12gv~24,u+6EP”,_*}, 
where 
6=1 if u<b-2 and 2 if nab-l, 
&=Pt-p:, 
B’={p~~ogu(22}u{~~:o~~~222}, 
Dm = (P’, B’). 
In this case, K(Ph) need not equal K(Dm). 
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Note that only four of the designs have automorphism groups transitive on 
points, and in no case is the group doubly transitive on points. Only one 
design, namely, 0129, has a group transitive on blocks. Ten of the designs 
have trivial groups, and another 46 have groups of order 2. 
7. THE 2bDIMENSIONAL HADAMARD MATRICES 
There turn out to be 59 equivalence classes of 24-dimensional Hadamard 
matrices, corresponding to the 59 equivalence classes of 3-(24, 12,5) 
designs. Representatives Hl, H2,..., H59 for these classes may be chosen to 
consist of (A) 11 matrices, each equivalent to its transpose, (B) 24 matrices, 
no one equivalent to the transpose of any other, and (C) the transposes of 
the 24 matrices in (B). Information about Hl, H2,..., H59 is listed in Table 
II. The meaning of specific columns in the table is as follows: 
The “H” column: For matrices in sets (A) and (B), this column gives 
the matrix name Hi (1 < i < 59). 
The “H”’ column: If the matrix Hi is in set (A), this column contain 
‘Le. -3). if it is in set (B), this column contains the name of the transposed 
matri’x (set (C)). 
The “gl(H)” column: This column gives the name Dm of the design 
@,(Hi). As Dm may be constructed using the information in Section 6, we 
obtain a construction for Hi. 
The “Row Char” and “Co1 Char” columns: These columns give the 
row and column characters (defined below) of Hi. 
The “ 1 AUT(H)I” column: This columns gives the order of the 
automorphism group of Hi. 
The “Orbits on Rows” and “Orbits on Cols” columns: These columns 
give the orbit lengths of AUT(Hi) on rows and on columns, respectively. 
Note that 22 of the matrices have automorphism groups transitive on 
rows, and in 20 of these cases the group is also transitive on columns. Only 
one matrix, namely H59, has a doubly transitive automorphism group; in 
fact, in all other cases the. groups are imprimitive. Only eight of the matrices 
have nonsolvable automorphism groups. 
If i and j are distinct rows of a Hadamard matrix H, the agreement set 
A(i, j) is {m ( hi, = h,,}. Two pairs {i, j} and {k, I} of distinct rows are 
equivalent if A(i,j) and A(k, Z) are either identical or disjoint. The row 
character of H is the maximum number m of disjoint row pairs 
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TABLE II 
The 24-Dimensional Hadamard Matrices 
Row co1 Orbits Orbits 
H H’ g,(H) char char I AWH)I on rows on cols 
H1 
H2 
H3 
H4 
H5 
H6 
Hl 
H8 
H10 
Hll 
H12 
H13 
H14 
H15 
HI6 
H20 
H21 
H22 
H23 
H24 
H25 
H26 
H27 
H28 
H29 
H30 
H31 
H32 
H33 
H43 
H45 
H46 
H4-l 
H48 
H59 
H34 
Hll 
H49 
H9 
H50 
H35 
H58 
HI8 
H19 
H36 
H31 
H51 
H52 
. . . 
H38 
. . . 
H53 
H39 
. . . 
H54 
H40 
H55 
H41 
H56 
H42 
. . . 
H44 
H51 
Dl 12 12 760320 
02 3 12 1728 
03 4 12 1536 
04 2 12 480 
06 6 12 11520 
Dl 2 12 768 
D8 3 12 576 
DlO 1 12 5280 
012 6 6 384 
Dl5 4 6 128 
017 4 6 256 
D19 3 6 48 
023 3 6 144 
026 2 6 128 
028 2 6 80 
037 4 4 64 
038 3 4 64 
039 4 4 256 
040 2 4 128 
042 3 4 64 
045 4 4 1536 
041 2 4 768 
048 4 4 32 
049 3 4 16 
D51 2 4 32 
060 3 4 24 
061 2 4 96 
068 3 4 48 
069 4 4 96 
094 3 3 12 
096 3 3 216 
D99 3 3 8 
0102 2 3 96 
0106 3 3 16 
0129 1 1 12144 
24 24 
24 18,6 
24 24 
24 24 
24 20,4 
24 24 
24 24 
24 24 
12,8,4 12,8,4 
16,4,4 16,8 
16,4,4 16,s 
12,6,4,2 12,6,4,2 
18,4,2 12,6,6 
16,4,4 16,8 
20,4 20,4 
8,8,8 8,878 
16,8 16,8 
16, 8 16, 8 
16,8 16,4,4 
16,s 16,4, 2, 2 
24 24 
24 24 
8, 898 8,&B 
8,4,4,4,4 8-4943434 
8,8,8 8,898 
12,6,6 12,6,6 
24 24 
12,12 12,12 
24 24 
18,6 18,6 
18,6 18,6 
4,4,4,2,2 4,4,4,2,2 
2,2,2,2 2,&Z 2 
24 24 
8,& 8 8,& 8 
24 24 
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{i,,j,},..., {i,,j,}, any two of which are equivalent. Column character is 
defined analogously. Note that 
Co1 char H = max{K(g@)) ] 1 < i < n}. 
By [ 131 the row and column characters of a 24-dimensional Hadamard 
matrix must divide 12. 
The row and column characters, the order of the automorphism group, 
and the orbit lengths of the automorphism group on rows and columns are 
invariant under equivalence of matrices. From Table II, we see that any two 
inequivalent 24 dimensional matrices may be distinguished by one of these 
quantities, with a single exception--H43 and H44. These two matrices may 
be distinguished as follows: in H43 the stabilizer of a column in the orbit of 
length 6 fixes each column in the orbit (apart from sign changes), while in 
H44 this is not the case. Note that equivalence of matrices may be deter- 
mined computationally by the algorithm described in [8]. 
APPENDIX A. THE DESIGNS EkJ 
(01) 23 5 6 8 234 5 6 234 5 6 234 5 6 
(02) 23 5 6 8 234 5 6 234 5 6 234 5 6 
(03) 2 3 7 10 12 237 8 9 237 8 9 237 8 9 
(04) 2 3 7 10 12 237 8 9 237 8 9 237 8 9 
(05) 24 5 711 3 4 7 10 11 457 810 457 810 
(06) 24 5 711 3 4 7 10 11 457 810 457 810 
(07) 24 8 910 3 5 8 10 12 24 7 11 12 247 11 12 
6’8) 24 8 910 3 5 8 10 12 2 4 8 11 12 248 11 12 
(09) 26 9 11 12 3 6 9 11 12 3 5 7 11 12 357 11 I2 
(10) 26 911 12 369 11 12 3 5 8 11 12 3 5 8 11 12 
111) 34 5 912 24 8 11 12 467 911 467 911 
(12) 34 5 912 2 4 9 10 12 567 911 568 911 
(13) 34 61011 2 5 7 11 12 2 6 8 10 11 2 6 7 10 11 
(14) 34 61011 2 5 9 10 11 3 6 8 10 11 3 6 8 10 II 
(15) 37 8 911 2.6 7 10 12 2 5 9 10 11 2 5 9 10 11 
(16) 37 8 911 2 6 8 10 11 3 4 9 10 11 34 9 10 11 
(17) 46 7 812 457 912 468 912 468 912 
(181 46 7 812 458 911 5 6 8’ 9 12 567 912 
(19) 56 7 910 467 812 2 6 7 10 12 2 6 8 10 12 
(20) 56 7 910 468 910 3 6 7 10 12 3 6 7 10 12 
(21) 5 8 10 11 12 567 811 2 5 9 10 12 2 5 9 10 12 
(22) 5 8 10 11 12 567 910 3 4 9 10 12 3 4 9 10 12 
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(01) 23 4 5 6 234 5 6 234 5 6 234 5 6 
(02) 23 4 5 6 234 5 6 234 5 6 234 5 6 
(03) 23 7 8 9 237 8 9 237 8 9 237 8 9 
(04) 23 18 9 237 8 9 237 8 9 237 8 9 
(05) 45 7 810 457 810 457 810 457 810 
(‘36) 45 7 810 457 910 457 910 457 910 
(07) 2 4 7 11 12 467 811 467 811 467 811 
(08) 25 81112 468 911 468 911 468 911 
(09) 34 81112 567 912 567 912 567 912 
(10) 3 5 7 11 12 568 912 568 912 568 912 
(11) 46 7 911 2 5 8 10 11 2 5 8 10 11 2 5 8 10 11 
(12) 56 8 911 2 5 9 10 11 2 6 7 10 11 2 6 7 10 11 
(13) 26 71011 2 6 7 10 12 2 4 9 10 12 2 4 9 10 12 
(14) 36 81011 2 6 8 10 12 2 6 7 10 12 2 6 8 10 12 
(15) 24 91011 247 11 12 249 11 12 2 4 9 11 12 
(16) 35 91011 249 11 12 2 5 8 11 12 2 5 7 11 12 
(17) 46 8 912 3 6 7 10 11 3 5 9 10 11 3 5 9 10 11 
(18) 56 7 912 3 6 9 10 11 3 6 9 10 11 3 6 9 10 11 
(19) 2 6 8 10 12 3 4 8 10 12 3 4 8 10 12 3 4 8 10 12 
(20) 3 6 7 10 12 3 4 9 10 12 3 6 8 10 12 3 6 7 10 12 
(21) 2 5 9 10 12 3 5 7 11 12 3 4 7 11 12 3 4 7 11 12 
(22) 3 4 9 10 12 3 5 8 11 12 3 5 7 11 12 3 5 8 11 12 
E 3.4 E 3.5 E 3.6 
(01) 23 4 5 6 234 5 6 
(02) 23 4 5 6 234 5 6 
(03) 23 7 8 9 237 8 9 
(04) 23 7 8 9 237 8 9 
(05) 45 7 810 457 810 
(06) 45 7 910 457 910 
(07) 46 7 811 467 811 
(08) 56 7 911 568 911 
(09) 46 8 912 468 912 
(10) 56 8 912 561 912 
(11) 24 81011 2 4 8 10 11 
(12) 26 91011 2 6 9 10 11 
(13) 25 81012 2 5 8 10 12 
(14) 2 6 7 10 12 2 6 7 10 12 
(15) 2 4 9 11 12 249 11 12 
(16) 25 71112 2 5 7 11 12 
(17) 35 91011 3 5 9 10 11 
(1’3) 36 81011 3 6 7 10 11 
(19) 3 4 9 10 12 3 4 9 10 12 
(20) 3 6 7 10 12 3 6 8 10 12 
(21) 3 4 7 11 12 3 4 7 11 12 
(22) 35 81112 3 5 8 11 12 
234 5 6 
234 5 6 
237 8 9 
237 8 9 
457 810 
451 910 
467 811 
568 911 
468 912 
567 912 
2 4 9 10 11 
2 6 7 10 11 
2 5 8 10 12 
2 6 8 10 12 
2 4 7 11 12 
25 9 11 12 
3 5 8 10 11 
3 6 9 10 11 
3 4 9 10 12 
3 6 7 10 12 
348 11 12 
3 5 7 11 12 
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APPENDIX B. THE DESIGNS F,,,i 
(01) 13 14 15 17 18 20 13 14 15 16 17 18 13 14 15 16 17 18 131415161718 
(02) 161921222324 192021222324 192021222324 192021222324 
(03) 13 14 15 192224 131415192021 13 14 15 192021 13 14 15 19 20 21 
(04) 161718202123 161718222324 161718222324 161718222324 
(05) 13 14 16 17 1923 131416192324 13 16 17 192022 13 16 17 192022 
(06) 151820212224 15 17 18202122 1415 18212324 14 15 18212324 
(07) 13 14 16202122 13 14 17 20 22 24 13 14 16 1923 24 13 14 16 19 2324 
(08) 15 17 18 192324 151618192123 141718202122 141718202122 
(09) 13 14 18 21 23 24 13 14 18 21 22 23 15 16 18 19 21 22 151618192122 
(10) 15 16 17 192022 15 16 17 19 20 24 131517202324 131517202324 
(11) 13 15 16 17 21 24 13 15 18 20 23 24 13 15 17 21 22 23 131517212223 
(12) 141819202223 141617202123 14 17 18 192024 1417 18 192024 
(13) 13 15 16 182223 14 16 18 192022 15 1617 192124 15 16 17 192124 
(14) 141719202124 13 15 17 192223 13 14 18 192223 13 14 18 192223 
(15) 131519202123 131516212224 13 1618202123 141516202223 
(16) 14 16 17 182224 141718192124 141516202224 131618202124 
(17) 13 16 18 192024 13 17 18 192124 15 16 18 192023 15 16 18192023 
(18) 14 15 17212223 14 15 16212224 131416212224 131416212224 
(19) 13 17 18 192122 14 15 17 19 22 23 131518202224 131518202224 
(20) 141516202324 13 16 18 19 20 22 14 16 17202123 141617202123 
(21) 131720222324 131617202123 14 15 17 192223 131718192123 
(22) 14 15 16 18 1921 14 15 18202324 13 17 18 192124 14 15 17 192224 
F 4.2.1 F 4.2.2 F 4.2,3 F 4,3,1 
(01) 13 14 15 16 17 18 13 14 15 16 17 18 13 14 15 16 17 18 13 14 15 16 17 18 
(02) 192021222324 192021222324 192021222324 192021222324 
(03) 13 14 15 19 20 21 13 1415 192021 13 1415 192021 13 1415 192021 
(04) 161718222324 161718222324 161718222324 161718222324 
(05) 13 16 17 192022 13 16 17 19 20 22 13 16 17 192022 13 1617 192022 
(06) 14 15 18212324 14 15 182123 24 1415 182123 24 1415 18212324 
(07) 13 14 16 192324 13 1416 192324 13 1416 192324 13 1416 192324 
(08) 141718202122 141718202122 14 17 18202122 131718202124 
(09) 15 16 18 192122 15 16 18 192122 15 16 18 192122 141517202223 
(10) 13 15 17202324 131517202324 131517202324 151618192122 
(11) 13 1.5 17 21 22 23 131517212223 131517212223 15 16 17202124 
(12) 13 14 18 192224 141617192124 141617192124 14 16 18 19 20 23 
(13) 15 17 18 192024 15 17 18 192024 15 17 18 192024 131518202223 
(14) 14 16 17 192123 13 1418 192223 13 1418 192223 13 1416212224 
(15) 13 16 18202123 131618202123 14 15 16202223 1417 18 192122 
(16) 141516202224 141516202224 131618202124 13 15 17 192324 
(17) 15 16 18 19 20 23 15 16 18 192023 15 16 18 19 20 23 13 15 18 192224 
(18) 14 1617202124 131418202224 131418202224 131417212223 
(19) 13 15 16 21 22 24 13 15 16212224 13 15 16 21 22 24 15 16 17 192123 
(20) 131418202223 14 16 17 202123 141617202123 141718192024 
(21) 14 15 17 192223 14 15 17 19 22 23 13 17 18 192123 141516202224 
(22) 13 17 18 192124 13 17 18 192124 14 15 17 192224 13 16 18202123 
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(01) 
(02) 
(03) 
(04) 
(05) 
(06) 
(07) 
(08) 
(09) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(211 
(22) 
F 3.1.1 F 3.1.2 F 3.2.1 F 3.3.1 
13 1415 161718 13 14 15 16 17 18 13 14 15 16 17 18 13 1415 16 1718 
192021222324 192021222324 192021222324 192021222324 
13 14 15 19 20 21 13 14 I5 192021 13 14 15 19 2021 13 14 15 192021 
161718222324 16 1718222324 161718222324 161718222324 
13 1416192223 13 14 16 19 22 23 13 14 16 192223 13 1416192223 
13 17 18202124 131718202124 131718202124 131718202124 
15 16 17 192024 15 16 17202122 15 16 17 192024 15 16 17 192024 
13 15 18212223 13 15 18 19 23 24 13 15 18 21 22 23 13 151821 2223 
1415 16212224 141517192224 1415 17202223 141517202223 
1417 18 192023 141618202123 14 16 18 19 21 24 14 16 18 19 21 24 
14 15 172123 24 14 15 172123 24 141517212224 1415 17212224 
15 16 18 192022 15 16 18 192022 14 16 18202123 141618202123 
13 15 17202223 131516202324 15 1617192123 15 1617192123 
13 16 18 192124 13 17 18192122 13 15 18 192224 13 17 18 192022 
141618202123 14 16 18 192124 13 14 16202224 13 1416202224 
13 14 17 192224 131417202223 13 17 18 19 20 23 13 15 18 192324 
14 17 18 192122 141718 192023 15 16 18 19 2022 15 16 18 192022 
131416202324 131416212224 13 14 17 192324 13 1417192324 
14 15 18202224 14 15 18202224 141518202324 1415 18202324 
151617192123 15 16 17 19 21 23 13 16 17202122 13 15 16212224 
13 15 18 19 23 24 13 15 18212223 141718192122 14 1718192122 
13 16 17202122 13 16 17 192024 13 15 16212324 13 16 172021 23 
F 3.3.2 F 3.4.1 F 3.4.2 F 3.4.3 
(01) 13 1415 161718 13 1415 16 1718 131415161718 13 1415 16 17 18 
(02) 192021222324 192021222324 192021222324 192021222324 
(03) 13 14 15 192021 13 1415 192021 131415192021 13 14 15 192021 
(04) 161718222324 161718222324 161718222324 161718222324 
(05) 131416192223 13 1416192223 131416192223 131416192223 
(‘36) 131718202124 13 17 18202124 13 17 182021 24 131718202124 
(07) 15 16 17202122 15 16 17192024 15 16 17202122 151617202122 
(‘38) 13 15 18 192324 141518202223 141517192324 14 15 18 192224 
(09) 14 15 17 192224 13 15 17212223 13 15 18 192224 13 15 171923 24 
(10) 141618202123 141618 192124 141618202123 141618202123 
(11) 141517202324 1415 18212224 141518202324 141518202324 
(12) 14 16 18 192124 13 14 17 19 23 24 131416212224 131417212223 
(13) 15 16 17 192123 151718192023 15 16 17 192124 15 17 18 192122 
(14) 13 17 18 192022 141617202122 14 17 18 192022 141617192024 
(15) 13 14 16202224 13 16 18 192022 13 1617 192023 13 16 18 192022 
WI 13 15 18212223 13 15 16212324 13 15 18212223 13 15 16 21 23 24 
(17) 151618192022 151617192122 151618192022 151617192023 
(18) 13 14 17212223 13 1618202123 13 1718 192123 13 16 I8 192124 
(19) 14 15 18 2122 24 14 15 16202324 1415 17212223 141516212224 
(20) 1315 16202324 13 15 18 192224 131516202324 131518202223 
(21) 14 17 18 192023 141718192123 141618192124 141718192123 
(22) 13 16 17 192124 131417202224 131417202224 131417202224 
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(01) 13 1415 16 17 18 13 14 15 1617 18 13 1415 16 17 18 13 14 15 1617 18 
(02) 192021222324 192021222324 192021222324 192021222324 
(03) 13 14 15 19 20 21 13 14 15 19 20 21 13 14 15 192021 13 14 15 19 20 21 
(04) 161718222324 161718222324 161718222324 161718222324 
(05) 13 14 16 192223 13 14 16 192223 13 14 16 192223 131416192223 
(06) 131718202124 13 17 18 202124 13 17 1820 21 24 13 17 18202124 
(07) 15 16 17 192024 151617202122 15 16 17202122 141.5 17202224 
(08) 13 15 18 202223 13 15 17 19 23 24 13 15 18 192224 131516212324 
(09) 14 17 18 19 21 22 141618192024 14 17 18 192023 14 17 18 192123 
(10) 14 15 162123 24 14 15 18 21 22 23 14 15 16 21 23 24 15 16 18 192022 
(11) 14 15 18 21 23 24 14 15 18212324 14 15 18 21 23 24 15 16 17 192023 
(12) 13 1617 192123 13 16 18 192122 13 16 17 192123 14 16 18 192124 
(13) 15 16 17202122 15 17 18 192022 15 16 17 192024 14 15 18202324 
(14) 13 15 18 192224 13 15 16 20 23 24 131518202223 131617202122 
(15) 13 14 16202224 131417202223 131416202224 131518212223 
(16) 14 17 18 192023 14 16 17 192124 141718192122 13 14 17 19 22 24 
(171 141517192224 141516202224 141517202223 151718192122 
(18) 141618202122 14 17 18 192023 1416 18 192024 131418202223 
(19) 15 1618 192023 151617 192123 15 16 18192122 14 15 16212224 
(20) 1314 17202324 131417212224 131417212224 13 15 17 192324 
(21) 131517212223 131518192224 131517192324 13 1618192024 
(22) 13 16 18 192124 13 16 18202123 13 16 18202123 14 16 17 20 21 23 
F 335.1 F 3.5.2 F 3,593 F 3.6.1 
APPENDIX C. THE DESIGN 0129 
W) 1 3 4 5 6 8 10 11 14 15 18 20 
(01) 1 4 5 6 7 9 11 12 15 16 19 21 
6-Q) I 5 6 7 8 10 12 13 16 17 20 22 
(03) 1 6 7 8 9 11 13 14 17 18 21 23 
(04) 1 7 8 9 10 12 14 15 18 19 22 24 
(05) 1 2 8 9 10 11 13 15 16 19 20 23 
(06) 1 3 9 10 11 12 14 16 17 20 21 24 
(07) 1 2 4 10 11 12 13 15 17 18 21 22 
(08) 1 3 5 11 12 I3 14 16 18 19 22 23 
(09) 1 4 6 12 13 14 15 17 19 20 23 24 
(10) 1 2 5 7 13 14 15 16 18 20 21 24 
(11) 1 2 3 6 8 14 15 16 17 19 21 22 
(12) 1 3 4 7 9 15 16 17 18 20 22 23 
(13) 1 4 5 8 10 16 17 18 19 21 23 24 
(14) 1 2 5 6 9 11 17 18 19 20 22 24 
(15) 1 2 3 6 7 10 12 18 19 20 21 23 
(16) 1 3 4 7 8 11 13 19 20 21 22 24 
(17) 1 2 4 5 8 9 12 14 20 21 22 23 
(18) 1 3 5 6 9 10 13 15 21 22 23 24 
(19) 1 2 4 6 7 10 11 14 16 22 23 24 
(20) 1 2 3 5 7 8 11 12 15 17 23 24 
(21) 1 2 3 4 6 8 9 12 13 16 18 24 
(22) 1 2 3 4 5 7 9 10 13 14 17 19 
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APPENDIX D. EQUIVALENCE BETWEEN THE HADAMARD MATRICES 
Hl,..., H59 AND THE HADAMARD MATRICES DESCRIBED BY LONGYEAR IN 
iI31 
An entry i in the “IT’ column and entries j, ,..., j, in the “JQL” column 
indicate that Hadamard matrices j, ,..., j, of [13, p. 115-1171 are equivalent 
to Hadamard matrix Hi of Section 7. 
H JQL H JQL 
1 1 34 3, 28, 30,40,4 1,51 
2 13 35 18,29,42,41,52, 53 
3 I 36 21,22,32,84,90,92,95, 103 
5 4 31 6,31,33,91,94,101 
7 10 38 60,80,83 
9 2, 16, 39 39 9,63,68, 114 
10 5, 19,24,87 40 61,62,64,76,79, 123, 131 
11 113 41 124, 126,130 
12 8,71 42 125,127 
13 11,75 43 12,109 
14 14,25 44 27,35 
17 17, 37,44,45 45 15,34,36 
18 86,96 46 72,107,118,120 
19 20, 23,85,99, 106 48 119 
20 77,82 49 43,48,50,54,51 
21 73 50 38,46,49,56,58 
22 81, 111 51 88,100,102,105 
24 26 52 89, 93,97,98, 104 
25 70 53 67,69,112 
27 78,121 54 115 
28 74,116 55 59,65,66,129 
30 117,133 56 128 
32 110, 132 57 108 
33 122 58 55 
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